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Quiz 05
October 8th, 2026 15 minutes | 5 points

Name

Instructions. Answer both parts. Show your work and briefly justify each answer. Part (a) is worth 2 points and
part (b) is worth 3 points. Use the space provided.

1. Least squares with unequal noise (Homework 04, Problem 4) 5 points

The design matrix X ∈ Rn×d is fixed, and y = Xθ + ε for a fixed unknown θ ∈ Rd. Recall the standard
assumptions:

• (A1) Zero-mean noise: E[ε] = 0.

• (A2) Homoscedastic, uncorrelated noise: Cov(ε) = σ2In for some σ2 > 0.

• (A3) Full column rank: rank(X) = d.

Under (A1)–(A3), the least squares estimator θ̂LS = (X>X)−1X>y satisfies E[θ̂LS] = θ and Cov(θ̂LS) =
σ2(X>X)−1.

In this problem, keep (A1) and (A3), but replace (A2) by

• (A2′) General noise covariance: Cov(ε) = σ2W for some σ2 > 0 and some fixed positive
semidefinite W ∈ Rn×n.

You may use that for a random vector z ∈ Rm and fixed A ∈ Rk×m, b ∈ Rk,

E[Az + b] = AE[z] + b, Cov(Az + b) = A Cov(z)A>.

(a) Show that θ̂LS is still unbiased, that is, E[θ̂LS] = θ. (2 points)

Solution. Write θ̂LS = Ay with the fixed matrix A = (X>X)−1X>. By (A1), E[y] = Xθ+E[ε] = Xθ,
so

E[θ̂LS] = AE[y] = (X>X)−1X>Xθ = θ.

Only (A1) and (A3) were used, so changing (A2) does not affect unbiasedness.
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(b) Show that
Cov(θ̂LS) = σ2(X>X)−1X>WX(X>X)−1,

and check that this agrees with the formula above when W = In. (3 points)

Solution. Since Xθ is fixed, Cov(y) = Cov(Xθ + ε) = Cov(ε) = σ2W. With A = (X>X)−1X> as
in part (a), and using that (X>X)−1 is symmetric, A> = X(X>X)−1. Therefore

Cov(θ̂LS) = A(σ2W)A> = σ2(X>X)−1X>WX(X>X)−1.

When W = In, the middle factor is X>X, which cancels one (X>X)−1:

Cov(θ̂LS) = σ2(X>X)−1(X>X)(X>X)−1 = σ2(X>X)−1.
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