MATH 123 | Mathematical Aspects of Data Analysis Fall 2026 | Midterm Exam

Midterm Exam
October 29th, 2026 75 minutes | 100 points

Name

Instructions. Answer all four problems. Show your work and briefly justify each answer. Each problem has four
pages, so most of this exam is space for your work! The exam is closed note. You may use a four-function calculator.
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1. The mean minimizes squared error (Homework 01, Problem 4) 25 points
Let X be a random variable and let p = E[X].

(a) Prove that, for every a € R, (10 points)

E[(X — a)?] = Var(X) + (a — u)2.
Solution. Write X —a = (X — p) + (¢ — a). Expanding the square and taking expectations gives

E[(X —a)’] = E[(X — p)*] + 2(u — @)E[X — p] + (1 — a)?
— Var(X) + (o — ),

since E[X — p] = E[X] — u = 0.
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Problem 1 (continued)

(b) Conclude that p is the unique value of a that minimizes E[(X — a)?]. (5 points)

Solution. The term Var(X) does not depend on a, while (a — p)2 > 0, with equality exactly when
a = p. Therefore the unique minimizer is a = pu.
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Problem 1 (continued)

For part (c) you may use the following, without proof.

Definition (mean and covariance of a random vector). A random vector z = (z1,...,2y,)' is a
vector whose entries are random variables. Its mean and covariance matriz are
E[z1]
Ez]=| : |eR™  Cov(z) =E[(z—E[z])(z—E[z])'] € R™™,
E[2]

where the expectation of a random matrix is taken entry by entry. The (7, j) entry of Cov(z) is Cov(z;, 2;),
and its diagonal entries are the variances Var(z;).

(c) Now let x = (x1,...,7,)" be a random vector in R”, and let u = E[x]. Prove that, (7 points)
E[[x —all3] = tr (Cov(x)) + [la — 3,

for every a € R™.
Solution. Write gt = (p1,...,1n) ", so pj = E[z;]. Since ||x — a||} = i (xj — aj)?, linearity of
expectation and part (a), applied to each entry z;, give

n

Elllx —alj3] = Y El(z; —a;)*] = > Var(z;) +
j=1

Jj=1

(a7 — 1j)? = tr (Cov(x)) + la — plf3,
1

n

J

since the diagonal entries of Cov(x) are the variances Var(z;).
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Problem 1 (continued)

(d) Conclude that g is the unique vector a that minimizes E[||x — a||3]. You may use part (c) even if you
did not prove it. (3 points)

Solution. As in part (b), tr(Cov(x)) does not depend on a, while ||a — p||3 > 0, with equality exactly
when a = p. So p is the unique minimizer.
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2. Column space and null space from the SVD (Homework 04, Problem 1) 25 points

Let X € R"*4 have rank r > 1 and compact SVD
T
X =U,%V/] =) ouv/, o> >0, >0,
i=1

with orthonormal uy,...,u, € R” and orthonormal v1,...,v, € R?

(a) Show that C(X) = span{uy,...,u,}. Hint: For (D), recall that Xv; = o;u;. (6 points)

Solution. (C) For any € RY,

X0 = Zaiui(v;re) = Zai(viTO) u;,
i=1

i=1
a linear combination of uj,...,u,. (2) Since g; > 0, we have u; = X(v;/0;) € C(X) for each i < r.
Since C(X) is a subspace, it contains every linear combination of uy, ..., u,.
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Problem 2 (continued)

(b) Conclude that P = U, U, is the orthogonal projection onto C(X). (4 points)

Solution. The u; are orthonormal, hence linearly independent, and by part (a) they span C(X).
So they are an orthonormal basis of C(X), and the definition of the orthogonal projection gives
P=1U,U/.

(c) Show that, for z € R?, Xz = 0 if and only if V,/z = 0. (6 points)

Solution. (<) If V,)z = 0, then Xz = U,%,.(V,z) = 0. (=) If Xz = 0, multiply on the left by U,
and use U/ U, = I,
0=U'U,%V/ z=%V]z

Since ¥, is diagonal with positive diagonal entries, it is invertible, so V,'z = 0.
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Problem 2 (continued)

(d) Explain why part (c) says exactly that A/(X) = span{vy,...,v,}*. (4 points)

Solution. The entries of V] z are v] z,...,v,z. So V,z = 0 if and only if z is orthogonal to each

v;, which (by linearity of the inner product) holds if and only if z is orthogonal to every vector in
span{vy,...,v,}. Combined with part (c), z € N(X) if and only if z € span{vy,...,v,}*.

(e) Show that C(XT) = span{vy,...,v,}. (5 points)

Solution. Transposing the SVD gives X' = Y0, aiviuiT. This is a compact SVD of X, with
the same positive singular values and the roles of the orthonormal sets {u;} and {v;} swapped.
Applying part (a) to X' gives C(X") = span{vy,...,v,}. (Directly: X'w = 3", 0:(u) w)v;, and
V; = XT(uZ/al))

Tufts University Page 9 of 18



MATH 123 | Mathematical Aspects of Data Analysis Fall 2026 | Midterm Exam

Problem 2 (continued)
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3. Training error always prefers \ | 0 (Homework 05, Problem 2) 25 points

Let X € R™4 have rank r > 1 and compact SVD X = 37, aiuiviT, with o9 > --- > o, > 0, orthonormal
ui,...,u, € R? and orthonormal vi,...,v, € R% Let y € R"® and A > 0, and let 8 denote the ridge
regression estimator

6, = arg min {Ily - X6 + )‘HOH%}
OcRd

You may use the following two theorems, without proof.

Theorem (the ridge solution). For every A > 0, the matrix XX + M, is invertible and §,\ =
(XTX + ALy 'XTy.
Theorem (ridge regression filters the singular values). For every A > 0,
oo .
0, = Z m(ui y) Vi.

i=1 "1t

It is tempting to choose A by making the training error ||y — Xé,\||% as small as possible. In this problem
you will show that this never works. Let P =37 uiuiT be the orthogonal projection onto C(X).

(a) Show that the fitted values are (5 points)

. ", o2
X6, = L (uy) .
; o2+ !

Solution. Apply X to the second theorem and use Xv; = o;u;:

o2

T T
) Z & T Z i
X0>\ = (u~ y) o;u; =
P D — a7+ A

(UiTY) u;.
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Problem 3 (continued)

(b) Show that (6 points)

s

. A -
y— X0\ =Y ——(uy)u + (y — Py).
= o; + A

Solution. Write y = Py + (y — Py) = 3/_;(uy)u; + (y — Py) and subtract part (a), using
2
1— —i A

U?-‘,—A = 012—&-)\'
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Problem 3 (continued)

(c) Conclude that (8 points)

T

~ A 2
ly = X813 =3 (575) (ul¥)* + Iy — Pyl
i=1 %

and that the training error never decreases as A grows.

Solution. The vectors uy, ..., u, are orthonormal, and y — Py L C(X), so u; (y — Py) = 0 for every
i. So the r + 1 terms in part (b) are mutually orthogonal, and the Pythagorean theorem gives the
formula. Each \/(0? + \) = 1 — ¢2/(c? + \) is positive and increases with A, so each term never
decreases, and neither does the sum.
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Problem 3 (continued)

(d) Find the limits of the training error as A — 0% and as A — oo, and interpret each. (6 points)

Solution. As A — 07, every factor A/(c7 + ) — 0, so the training error tends to ||y — Py]||3, the
least squares residual. As A — oo, every factor tends to 1, so the training error tends to

r

> (uy)? + ly — Pyl = |IPyll3 + |y — Pylls = llyl3,
=1

the error of the model & = 0. Minimizing training error therefore always picks least squares, since
least squares is defined as the minimizer of the training error; judging A honestly requires data not
used in the fit.
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4. Lloyd’s algorithm finds well-separated groups (Homework 06, Problem 1) 25 points

Let x1,...,%, € R?® and [n] = {1,...,n}. For a non-empty S C [n], write Xg = |T15”| > ics X; for the mean
of the points in S.

Lloyd’s algorithm. Input: data xi,...,x, € R? and initial centers 1, ..., p;. Repeat:

1. Assignment step. Assign each point to a nearest center: c(i) € argming||x; — pee||2. If the current label
of i is among the nearest, keep it.

2. Update step. For each ¢ with Sy = {i : ¢(i) = £} non-empty, set p, = xg,. (If Sy is empty, leave p,
where it is.)

until the assignment ¢ does not change.

Suppose the data consists of well-separated groups. Precisely, [n] is split into disjoint groups G, ...,Gk,
and there are numbers §, A > 0 such that

o (tight groups) ||x; — X;||2 < 6 whenever ¢ and j are in the same group, and
* (separated groups) ||x; — x;||2 > A whenever i and j are in different groups.

Suppose further that A > 26, and that Lloyd’s algorithm with k = K starts from K data points as centers,
one from each group. In this problem you will show that Lloyd’s algorithm then finds the groups exactly.
Hint: Remember the triangle inequality, ||x + yll2 < [|x]|2 + [|y||2-

(a) Show that every point of a group is within distance ¢ of the mean of that group. (6 points)

Solution. Let i € G, and let m = |G,|. Since X¢, — x; = & > e, (X5 — X;), the triangle inequality
gives

1 1
1%c, —xilla < — Y lIxj = xilla < — - md = 4.
m s m
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Problem 4 (continued)

(b) Show that the first assignment step makes the clusters exactly the groups. (7 points)

Solution. Let s, be the starting center in G, and let i € G. Then ||x; —sqlle < J < A < [|x; — spl|2
for every b # a, so x; is assigned to the cluster of s,, with no ties. The clusters are therefore exactly
the groups, and the update step moves each center to its group mean X¢, .
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Problem 4 (continued)

(c) Show that the second assignment step changes nothing, so the algorithm stops with the groups as its
clusters. (7 points)

Solution. Let i € G,. By part (a), x; is within ¢ of its own group mean. For b # a, pick any j € Gy.
The triangle inequality and part (a) again give

A < lxi = xjll2 < [lxi — Xg, ll2 + [IXa, — xjll2 < ||xi — Xg,l[2 + 6,

o ||xi —Xg,ll2 > A —3d > 9, using A > 24. Every point is therefore still assigned to its own group,
the assignment does not change, and the algorithm stops.
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Problem 4 (continued)

Definition. For a k-partition Sy, ..., Sk of [n] and centers p1, ..., pup € R, the k-means cost is

k
COSt(SL .. ‘7Sk;ll'17 “e 7“]43) = Z Z ||X’L - ILEH%
(=114€Sy

(d) Show that the K-means cost of the returned clusters and centers is at most nd?. (5 points)

Solution. By parts (b) and (c), the algorithm returns the clusters Gy, ..., Gk with centers the group
means Xg,,...,Xg,- By part (a), each term ||x; — Xg,||3 with i € G, is at most §2. There are n
terms in total, so

K

COSt(Gla s 7GK;5(G17 s 75(GK) = Z Z ”Xl - iGa”% < n52'
ailiEGa

Tufts University Page 18 of 18



