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Introduction



Introduction: Motivation

Model:
Physical Properties,
Unknowns

Observables:
Measurements,
Data

Inverse Problem

Fault-slip inference
Contaminant-source identification
Permeability field inversion in porous medium flow

Epidemic model calibration
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Example: 3D Linear Elasticity Modeling Fault Slip Inference

—V - [w(Vu+ (Vu)") + AV -ul] = 0
o(uyn =0

u+ Bko(u)n =0

u+ fso(un=h

in Q,

on I,
on [y,
on [,
on Fb,
on [.
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Selecting the Optimal Experimental Design
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Optimal Experimental Design for Sensor Placement

Q: Where should | allocate my sensor budget?
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Goal: Enable robust (worst-case) optimal
experimental design for infinite-dimensional
nonlinear Bayesian inverse problems.



PDE-Constrained Bayesian Inversion



High Level Overview of Bayesian Inversion

Prior Knowledge
tpr = N (mpr, Tir)

Likelihood ¢ dﬂﬂost
» _— >
Tike OC €XP (||]-'(m) - y”i;éﬁ) ) r dpppr < ke (31mr)
A
Data Error Model Governing Equations Y -
N(O Fn) F:M—>RE Laplace Approximation
! ﬂ%A = N(mposty Ppost)

Datay € R?
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Parameter to Observable Map

F: M —RE

Inversion Parameter Simulation Model
me M S: M~

Obs. Operator
Q: 7 —Re

_,[

Observable
F(m) € RN

Definition

The map F : .# — RNd is the parameter to observable map.
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Governing Equations

For some appropriate space %, consider the abstract weak PDE
forumlation: Given m € .#, find u € % such that

a(u,p,m) = (p, A(u,p)) =0, VYpe¥, (1)

e u € 7 is the state variable,

e m € ./ is the parameter to be inferred,

p € V is the test function,
o a: U xV x . # — R is the weak form of the PDE
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MAP Estimation and the Laplace Approximation

Definition (MAP Point)

Define the functional
1 2 1 2
®(m) = 5“-7'-(”7) - YHrl;l + 5””7 - mercg}
The MAP point my. is the minimizer of ®.

Definition (The Laplace Approximation)

The Laplace Approximation to the posterior measure is
ﬂ{)ost = N( Mpost Cpost)
where Co L= Hyn (mMpost) + errl and

post =

Hm(mpost) = J(mpost)—rr;lj(mpost)-
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Adjoint-Based Gradient Computation

Derivatives of ® can be understood using the adjoint method.

£(,m,p) = 3lly — Quls + 3 llm — mye 21 + o, m ).
The action of H,, at m on m is
Hm(m) (1, m) = <n"7, amp(u, m, p)ﬁ> ,

where for all p € ¥ and G € ¥,

(@ au(u.m, p)) + (G, QT3 (y — Qu
<ﬁ7 apu(uv m, P)0> + <ﬁa apm(u m, P)
(T, aup(u, m, p)p) + <u o T lon) =

\/\/
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Robust Optimal Experimental
Design



Optimal Experimental Design of Bayesian Inverse Problems

Model
(governing PDEs)

Inverse Problem

Experimental Design

IE v " "
Optimal Optimality SCETCE N &
Experiment Design Criteria I‘nv_ers:’lon Parameters
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Definition (Optimal Experimental Design (OED))

Suppose

e &£ € {0,1}N4 is a binary encoding of the observational
configuration (& = 1 if sensor i is active, 0 otherwise),

e and Ny <« Ny is some budget constraint.
Then, the OED problem is defined as the optimization problem

where N
S(Nb) = {5 € {Oa 1}Nd : ZEI - Nb} )
i=1

and the utility (objective) U is chosen to quantify the quality of
the design.
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Definition (Robust Optimal Experimental Design (ROED))

Additionally, suppose there exists a set of parameters 6 € © that
we are a-priori uncertain about. Then, the ROED problem is
defined as the optimization problem

in U(¢,6
I T (&0,

where

Ng
S(Ny) = {s e{0,1}Na:) ¢ = Nb} ,
=1l
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U, 0)
A

0=0,@
o
0=0;@
0=0;@ :
X .
o max minl(¢, 0) k\
min (0, 6) g N
0 minl(1,0)
| | 3
| | ”
£=0 £=1

12/33



Budget-Aware Probabilistic ROED




Idea: Model £ as a random variable!
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Budget-Aware Probabilistic ROED

Definition (Conditional Bernoulli Model)

Let &€ € {0,1}"¢ be a multivariate Bernoulli random variable parameterized by

the policy p € [0, 1]N4. Let €] = €] = S_N4 & be the total number of active

(equal to 1) entries in &, and define
S={1,...,Na}; O={ieS:pi=0}; I={ieS:pi=1}; T=S\{OUI}.

Then, the probability mass function (PMF) of the conditional Bernoulli model is

I1 wéi
—eT___if & = p;,Vj € {/UO} and =zl
P(¢lp, [€] = 2) = { Re-Tmmy & =PV { } jezTéf 1]
0, otherwise

where

o . o Pi .
R(k,A) = Z HW,, w;i = 1_pi,Vl€{1,...,Nd}.
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Budget-Aware Probabilistic ROED

Assume that £ is a random variable endowed with the conditional
Bernoulli distribution P(&|p, [£] = Ny).

U(p) := E¢rrielpei=v) | min U(£,6)| -
Jmax, U(p) = Eg-pelpel-xy) [gnelg (€ )}
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Budget-Aware Probabilistic ROED

Assume that £ is a random variable endowed with the conditional
Bernoulli distribution P(&|p, [£] = Ny).

U(p) := E¢rrielpei=v) | min U(£,6)| -
Jmax, U(p) = Eg-pelpel-xy) [gnelg (€ )}

Furthermore,

Vp(6) = Eevrieiei-vi) | i U(€.6) VologP(Elp.Je] = N

Policy Optimization

Can use gradient based optimization for p without requiring
gradients of /!
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E¢ p(p) [In;n U(&,0)]

A 6=60.@
o
0=0;@
]EgN]p(p) [méln u (g, 0)]
0=0;@-.... . :
X S
) . ¥
ngnU(O, 6) mg,x]EgNP(p) [memlzl(ﬁ, 0)] miJ;U(l, 6)
| ' >
i ! g
p=0 p=1
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Polyak’s Algorithm

max Eg. _ min U(&,0
s, Ee~pielpiei=ny) | min U(E,0)

®y arg minU(&°P*, 6)
6co

—(k) . .
G)( ) is a sample of k uncertain parameters.

E.S. Levitin and B.T. Polyak. “Constrained minimization methods”. In: USSR Computational Mathematics and
Mathematical Physics 6.5 (1966)
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The Expected Information Gain
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EIG as a Utility

Definition (Information Gain)

y dpfost \ -
Dxr (1 ostllptpr) = [ log rm. dfip st

pr
Definition (Expected Information Gain)

Dict. = Ey | Dt (8host || 450)|

://DKL(/LI);ost | tepr ) Tiike (y | m) dy dpupe (m)
Y
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Definition (EIG using the Laplace Approximation)

Under the Laplace approximation, it can be shown that

DKL(ﬂ{)ost || Mpr) =

% [IOg det <I+ ﬁm> —tr (ﬁm [Z+ 7-[m]4> + Hmpost — mer?:;rl]

1/2 1/2

with ﬁm = Cpt  HmCpt~. Hence,

N
1 SAA

D N
Nana ; KL(/’LpOSt || :u’pr) >

DKL ~

where for every i € {1,...,Ngaa}, the data y; is
yi = F(m;) +n;,

where m; ~ ppy and n; ~ N(0,T,,).
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Low-Rank Approximation of the EIG

ﬁm is often low-rank, hence

ﬁmgbzz)\n <¢awn>wn’%z)‘n <¢awn>wna ¢ €A,
n=1 n=1

so, we can define

Nsaa

Z DI((r[)4 Mpost || ,Upr) )

with
DL (A2l 1pr) (€, 8) =
hg@+x'gm)_M@“”

r 2

+ Hmpost E 0) Mypy c-

P r

1+ M (€,0)

n=1
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Low-Rank Approximation of the EIG with fixed MAP estimate

ﬁm is often low-rank, hence

ﬁmﬁbzz)\n«bawnwﬂnzz)\n <¢7wn>wm ¢€.//,
n=1 n=1

so, we can define

Nsaa

1 il
oo 2 DAl [l )
SAA i—1

Dy, ~

with
D (A2l 1pr) (€, 8) =
. | ( ) gall =
n=1 [Iog(HA"(&G)) 1+ X\ (€,6) + lImposs (€ ﬁ3 merC‘
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Utility for ROED
For the ROED problem, we will use the utility

N
1 SAA

U(ﬁ, 0) = N Z LA{(Yiaﬁa 0)
=il

with

r

U(yi,€.0) = [Iog(l + Xi(€.0))

n=1

(&0
1+ )\{,(E, 0)

S
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Evaluating VU

r

VOZ:{(YHE)O) =V (; Z [|0g<1 v AZ(S,O)) a ]-j\'ln)(\lgéz)a)]) .

n=1
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Q: How do we compute V), (&,60)?



An
=57 [log(1 + Ap) — 27
2%}%“ Ty

The above expression has the following constraints

<¢>Hmu)n> = A <¢a¢n>cgrl, ngE“I/,Vn:l,...,r,
<¢nvwn>c&1:15 VI'IZ:I.7...,I’7

and

Hun(m)(n, @) = <¢’ amp(uv m, P)ﬁ> )

such that for all p € ¥ and i € 7,

(B, ap(u,m,p)) =0,

(@ au(u;m, p)) + (8, QTL(E,0)(y — Qu)) = 0,
<p7 apu(u m, p)in >+ <p; apm u,m P)¢n> =0,
(ii, ayp(u, m, p)p >—|—<ﬁQFTSHQu,,>—O,

(State
(Adjoint
(Incr. State

(Incr. Adjoint

)
)
)
)
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Lagrangian for VU

r

['IG(ua m, p, {wn};:lv{ﬁn};:lv{ﬁn n=1>
u*, P AN e {83} e, {87} 7211 6)
1 : <¢n7 ampﬁn>
=& | (1 5 b ) - a
2 ;1 [Og ' <¢” amppn> 1+ <¢m 3man>

+ <p*, ap> + <u*, au> + <u*, Q*ﬂl(y — Qu)>

7
+ Z |:<f5:a apuan + apmwn> + <ﬁ:, aupﬁn> + <0:;7 Q*rlgﬁn>:|

n=1

4+ 300 [ g — 1]
n=1
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Computational Complexity Summary for I/

Procedure Cost (in PDE solves)
Evaluation O(4Ny, - Ngaa)
Gradient O((3+ 5Np,) - Nsaa)

Simultaneous Value/Gradient  O((3 4+ 5Ny,) - Ngaa)
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Numerical Results




Example: Permeability Identification in Poisson’s Equation

—V - (exp(m)Vu) =0 in Q:=(0,1)2,
exp(m)Vu-n=0 on Iy :={0,1} x (0,1),
u=g onlp:=(0,1)x{0,1}.

My My
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Two Sensor Experiment

Lower Bound —4— Optimization Path [] Policy Optimal Design

O MaxMin O Optimal Policy

¥ Optimal Policy Sample ====Global Optimum Estimate
] Policy Optimal Design X Global Optimal Design
2.5 °
°
|
220 2.5 ‘
=
§1.5 . ;5 20 |
8 3 >
& : ! . £15 *
g1.0 : I
2 H 1] 2 1.0 ‘
8 8 2
& 5
0.5 205 1
0.0 0.0 {

1 2 3 4
Experimental Designs

2
o pPO102
(8 :=[o1, 00, = L .
( o1, 02, p]) po1oy 03
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64 Sensor, Budget 8 Experiment

- 017 031 ﬁ 0.29 ﬁ 031 0.39
-HOZEH 029 1 0.37 0.30 | 0.41 X3 H 0.55

H 025 XYM 034 028 0.30
- 034 083 014 023 0.7 000 025

Results of the 64 sensor, budget 8, experiment. Left: Optimal design
discovered by sampling from policy and selecting the design with the
highest utility. Right: Optimal policy pgpt discovered by the stochastic
optimization algorithm, visualized across the sensor grid.
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Progression of the ROED algorithm

Stochastic Objective Value E[U] Step Update Norm
19
18

PENEN | by arm P NONP 7o Ny N

AT \ \\

17 " 1010
[] o
0 25 50 75 100 0 25 50 75 100
Iteration 1 == = |teration 2 ==== |teration 3 —=— |teration 4 —=— |teration 5 J

Optimization trajectory of the 64 sensor, budget 8, experiment.

e Left: Progress of an estimate to the expectation of the utility &/
over designs sampled from the policy. The line represents the mean
of the expectation whereas the top and bottom of the shaded region
represent the maximum and minimum respectively.

e Right: Norm of the update in the policy p.
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Sanity check for I/

22 _

* u(£0pt,00pt) s « Dgg(gopt,gopt)
20

6,
18 41
) * *
* *

16 : 2] %J

U, 6°%) U(E", 0) DY) (€,607) DY (e, 0)

A visualization of the quality of (£°*, 8°P") for the 64 sensor, budget 8,
ROED experiment.
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Conclusion




Conclusion

Moving beyond the Laplace approximation
Further Surrogate Modeling

To be presented in a minisymposia at SIAM CSE 2025!
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